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The Markowitz optimization enigma



Portfolio selection in theory

Since Markowitz (1952), quantitative investors have constructed
portfolios with mean-variance (MV) optimization.

A simple quadratic program expressed in terms of a covariance
matrix Σ.
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Portfolio selection in practice

The minimum variance portfolio w∗ is the solution to:

min
w∈Rp

w>Σw

w>1p = 1

In reality, the best we can do is an estimated minimum variance
portfolio, ŵ, that solves the same program by replacing Σ̂ with Σ.
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Theory versus practice

How do w∗ and ŵ differ?

In “The Markowitz Optimization Enigma,” Richard Michaud writes

MV optimizers are in a fundamental sense, “estimation
error maximizers”.

A variance minimizing optimizer will tend to overweight securities
with the lowest variance or lowest correlation with other
securities—exactly the securities for which variances or correlations
are underforecast.
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Research agenda and findings



Original Aim: Mitigate the effect of sampling error on opti-
mization

“The Scream” by Edvard Munch
source: Wikipedia

Determine the mechanism
by which sampling error in
an estimated covariance
matrix distorts optimized
portfolios.
Mitigate distortion, to the
extent possible.
Improve the accuracy of
optimized portfolios.
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Findings

Much of the distortion in the optimized portfolio stems from a
dispersion bias in the leading eigenvector of a sample
covariance matrix.
Errors in the leading eigenvalue do not materially contribute
to the distortion.
The data-driven Global Positioning System (GPS) estimator
corrects the dispersion bias, leading to material improvement
in accuracy of the optimized portfolio,

Even though GPS can never be a consistent estimator.
It works on a data set of two observations.
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Findings

The Multi-Anchor Point Shrinkage (MAPS) estimator
generalizes GPS.

MAPS can be consistent
Even on a data set of two observations.

GPS is James Stein for eigenvectors.
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Measuring estimation error impact
in simulation



Errors in portfolio weights

(Squared) tracking error of an optimized portfolio ŵ measures its
distance from the optimal portfolio w∗:

T E2 = (ŵ − w∗)>Σ(ŵ − w∗).

Tracking error is the width of the distribution of return differences
between ŵ and w∗.

Ideally, tracking error is 0.
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Errors in variance forecasts

Variance forecast ratio measures the error in the risk forecast as:

V = ŵ>Σ̂ŵ
ŵ>Σŵ .

This is a ratio of the estimated portfolio risk over the actual risk of
the estimated minimum variance portfolio.

Ideally, the variance forecast ratio is 1.
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The Bianchi experiment



Simulation is a terrific forensic tool
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source: Lisa’s iPad
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Our simulator generates a one-factor model of returns

Suppose returns to p securities follow a one-factor model:

r = βf + ε.

Under standard assumptions, the return covariance matrix satisfies:

Σ = σ2ββ> + δ2I

with σ2 = var(f) and δ2 = var(ε).
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A principal component analysis (PCA) estimate of Σ

An estimate of Σ amounts to estimates σ2, β and δ2 and we
consider a dataset of n observations to p returns.

Σ̂ = σ̂2β̂β̂> + δ̂2I.

In a PCA model, we take σ̂β̂ to be the leading sample eigenvector
scaled by the leading sample eigenvalue. Specific variance δ̂ is
estimated from the residuals.
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Selective error correction in minimum variance

Results communicated by Stephen Bianchi
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What we learn from the Bianchi experiment

Error in the leading eigenvalue of the sample covariance
matrix is not transmitted to a minimum variance portfolio via
quadratic optimization.

Correcting error in the leading eigenvector can materially
improve accuracy of a minimum variance portfolio.

How is the leading eigenvector of a covariance matrix corrupted by
estimation error?
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The dispersion bias



Three regimes
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Dispersion bias in the HL regime

source: Goldberg, Papanicalaou & Shkolnik (2022)

With high probability, 〈z, b〉 > 〈z, h〉, meaning that the entries of h
are more dispersed than the entries of b.
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The optimization bias



From eigenvector dispersion to portfolio distortion in the HL
regime

The optimization bias for an estimator h of the eigenvector b is

E (h) = 〈b, z〉 − 〈b, h〉〈h, z〉1− 〈h, z〉2 ,

where z is the unique positive, dispersionless vector on the sphere.

The optimization bias controls, for example, the variance forecast
ratio of the minimum variance portfolio:

V � 1 + pE 2(h)

Dependence on eigenvectors and not eigenvalues.
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An oracle removes optimization bias in the HL regime

source: Goldberg et al. (2022)

The oracle estimator hτ∗ of b zeroes out the optimization bias,
leading to more accurate minimum variance portfolios optimized
with a PCA model. 17



In the HL regime, we can asymptotically zero out the optimiza-
tion bias with a data-driven estimator

The spherical law of cosines implies the oracle estimator hτ∗

satisfies
E (hτ∗) = 0.

We approximate the oracle with a data driven global positioning
system estimator hGPS , and show almost surely (under
assumptions, note HL),

lim
p→∞

E (hGPS) = 0.
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Better betas mean better portfolios



Simulated tracking error

source: Goldberg & Kercheval (2022)

Based on 100 simulations of a year’s worth of daily returns following a
one-factor model. Ideally, tracking error is 0.
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Simulated variance forecast ratio

source: Goldberg & Kercheval (2022)

Based on 100 simulations of a year’s worth of daily returns following a
one-factor model. Ideally, the variance forecast ratio is 1.
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James Stein for eigenvectors



The James-Stein estimator

source: Efron & Morris (1977)
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The Stein paradox

“When this phenomenon is first encountered it can seem
preposterous – how can information about the price of
apples in Washington and about the price of oranges in
Florida be used to improve an estimate of the price of
French wine, when it is assumed that they are unrelated?
–George Stigler”
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James Stein Estimators

averages

µJS = m(h)1 + cJS(h−m(h)1)

cJS = 1− ν2

s2(h)

s2(h) = 1
p− 3

p∑
i=1

(hi −m(h))2

eigenvectors

hGPS = m(h)1+cGPS(h−m(h)1)

cGPS = 1− ν2

s2(h) ,

s2(h) = 1
p

p∑
i=1

(λhi − λm(h))2
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GPS is James Stein for eigenvectors

source: Goldberg & Kercheval (2022), drawing by Alex S
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Outlook



Some open problems

· Study GPS and MAPS estimators in an empirical setting.
· Formulate a finite p version of GPS that, like JS, holds in

expectation.
· Work out a mathematical framework elucidating the

connection between linear optimization constraints and
eigenvector shrinkage.
· Develop a theory of eigenvector bias due to estimation error in

the HL and HH frameworks.
· Determine if JS for eigenvectors sheds light on JS for

averages.
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Team James Stein for eigenvectors



Thank you

Stephen Bianchi & Youhong Lee & Zhouli Zin
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