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Motivation

Amadeus data:

- 11.5 million private firms, 45 European countries,
- $100 trillion assets
- 42.8% aggregated corporate assets, 61.8% total workforce in Europe
- 2011 - 2022
- Average Amadeus firms are much smaller than U.S. public firms

mean Amadeus firm has $1.9-million in assets
mean U.S public firm in COMPUSTAT has $849-million in assets
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Cash holdings are U-shaped in firm size

Figure: Cash holdings and firm size
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Firms in different size categories

(a) SMALL firms (b) MEDIUM SIZED firms

(c) LARGE firms (d) VERY LARGE firms 4 / 28
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Equity issuance

Figure: Equity raises and firm size 5 / 28
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What we do
Dynamic firm model

- Investment, payout, default, equity issuance, cash holdings
Model is not homothetic in firm size

- Decreasing return to scale
- Fixed equity issuance cost, independent of firm size

Model is calibrated to empirical moments using SMM

What we obtain:
Firm’s demand for cash is U-shaped in firm size

- Small firm has strong motive to invest, but face low cash flow and high issuance cost
- Large firm has strong motive to hedge cash flow risk

Model generated U-shape is close to the empirical counterpart
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Cash Flows

dZt “ µdt ` σdWt

dYt “ kα
t dZt

- dZt is the cash flow shock
- W is one-dimensional Brownian motion
- µ is the drift
- σ is the volatility

- dYt is the firm’s cash flows
- k is capital
- α P p0,1q is a scaling parameter. Production exhibits diminishing returns to scale
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Dynamics of Capital Stock

dkt “
`

it ´ δkt
˘

dt ` σK ktdBt

gpk , iq “
θ

2

´ i
k

¯2
k

- dkt is the net investment in the capital stock
- it is amount invested
- δ is the depreciation rate (%)
- B is one-dimensional Brownian motion independent of W

- gpk , iq is the standard quadratic adjustment costs
- θ measures the degree of adjustment cost
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Equity Issuance

λpIq “ λf ` λpI

- I is the amount issued

- λp is the proportional component of issuance costs

- λf is the constant component of issuance costs
- A fixed component makes issuance relatively more costly for small firms
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Cash Reserve Dynamics

dct “ pr ´ λcqctdt ` dYt ´ itdt ´ gpkt , itqdt ´ dDt ` dIt .

- pr ´ λcq is the return on cash less a liquidity premium
- dYt is cash flows generated
- ´itdt is investment
- ´gpkt , itq is adjustment cost
- ´dDt is the cumulative payout
- dIt is cumulative issuance
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Default Time

τ “ inftt ě 0 : ct ă 0u

- Default value at τ: `kτ

- Capital stock fire sold kτ

- Recover rate `
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The Firm’s Problem

sup
iě0,D,tσj ,Iju

E
”

ż τ

0
e´rsdDs ´

ÿ

j

e´rσj
`

Ij ` λpIjq
˘

` 1tτă8ue´rτ`kτ

ı

,

- Equityholders choose investment, dividends, and equity issuance

- Impulse control problem with two state variables: capital size k and cash reserve c
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HJB Equation

0 “ min
!

BcV ´ 1
looomooon

dividend payout

,V pk , cq ´ sup
Iě0

“

V pk , c ` Iq ´ I ´ λpIq
‰

looooooooooooooooooooooomooooooooooooooooooooooon

equity issuance

,

rV ´ sup
iě0

!

“

i ´ δk
‰

BkV `
“

pr ´ λcqc ` kαµ´ i ´ gpk , iq
‰

BcV `
1
2

k2ασ2B2
ccV `

1
2

k2σ2
k B

2
kkV

)

loooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooon

continuation

)

At c “ 0:

0 “ min
!

V pk ,0q ´ `k
loooooomoooooon

liquidation

,V pk ,0q ´ sup
Iě0

“

V pk , Iq ´ I ´ λpIq
‰

looooooooooooooooooooomooooooooooooooooooooon

equity issuance

)
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Solution

- Numerically solved through policy iteration
- Policy evaluation
- Policy update

- We prove the uniqueness of the model solution and convergence of the numeric
algorithm to the value function

- Provide a comparison theorem for convergence
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Firm’s stragegies
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Firm’s cash policy and firm size
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Firm’s issuance policy and firm size
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Marginal value of cash
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Empirical evidence
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Larger firm has stronger precautionary motive

Cashi,t “ β1VIXi,t ` β2Firm Sizei,t´1 ` β3VIXi,t ˆ Firm Sizei,t´1 ` εi,t .
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Homothetic models
- Constant return to scale pα “ 1q
- fixed issuance cost proportional to size pλf pkq9kq

V pc, kq “ kvpc{kq and BcV pc, kq “ v 1pc{kq
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Simulated method of moments (SMM)
We use SMM to calibrate

- A: scaling parameter for cash flow µ and σ

- θ: investment adjustment cost parameter
- α: decreasing return to scale parameter
- λf : fixed issuance cost

For each parameter set Φ “ pA, θ, α,λf q

- solve firm’s optimal policies
- simulate firm dynamics starting from an initial distribution pk0, c0q for 10 years
- treat simulations starting from the same point as trajectory of the same firm
- calculate 4 firm-level moments, denote cross-sectional average as ΨpΦq
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SMM cont.
4 firm-level moments:

- average cash / capital
- standard deviation of cash / capital
- percent change in capital
- average cash-flow / capital.

Denote tXiui“1,...,N the set of firm-level data.

ΨD “
1
N

N
ÿ

i“1

Xi

First step optimization:
rΦ “ arg minΦpΨpΦq ´ΨDq

1pΨpΦq ´ΨDq
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SMM cont.
Update weight matrix xW

xW´1 “ ΩD ` pΨprΦq ´ΨDqpΨprΦq ´ΨDq
1,

where ΩD is the covariance matrix of tXiui“1,...,N

Second step optimization:

pΦ “ arg minΦpΨpΦq ´ΨDq
xW pΨpΦq ´ΨDq

1

The asymptotic distribution of pΦ is given by
?

NppΦ´Φ0q „ Np0,Ωq,

where Ω is determined by gradient of ΨpΦq ´ΨD and xW
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Calibrated model
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Conclusion

Dynamic firm model that is not homothetic in size: two-state model
- Decreasing return to scale + costly equity financing
- strong investment motive among small firms, strong heging motive among big firms
- firm cash holding is U-shaped in firm size
- firm equity issuance size is U-shaped in firm size
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